Chapter 7 – Rotational Motion and the Law of Gravity

Rotational motion – the motion of an object that is spinning

1. The object spins about an axis.

2. The axis of rotation is the line about which the rotation occurs.

3. Circular motion is defined as a point on an object that moves (rotates) around an axis. 

Since the direction of the motion is constantly changing, linear quantities cannot be used. The circular motion will be described by the angle through which the object moves. All points are rotating except the point on the axis.

Example from the textbook:

The light bulb on the Ferris wheel is moving about an axis. The axis is a fixed point in the center of the Ferris wheel. Establish a reference line. Use 0( on the right side of a horizontal line. The light bulb is locate at a distance r from the axel as it moves counter clockwise from 0(. It moves through an arc of length s and through angle ( and through time interval (t.

Degrees is always used to indicate direction. In science angles are measured in radians rather than degrees. Radians is a pure number with no dimensions and radians is defined by the following equation:


( = 
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( - the angle through with the object moves

s – arc length

r – length of the radius

Note: ( is a ratio. When s is divided by r, the units for length cancel.

Unless otherwise stated, ( is usually measured in the counterclockwise direction from the positive x-axis.   If s and r are measured in the same units (e.g., m), then the above equation gives ( is in radians.  Angle can also be measured in degrees or revolutions.

Angular displacement – The angle that a point or object has rotated about a specific point (axis). The units are radians. Angular displacement is expressed by the formula: 

Angular displacement (radians) = 
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Angular velocity – The rate at which a point or object rotates about an axis, the time. The units are radians per second (rad/s or (avg). ( is the small Greek letter for omega and is the symbol for radians per second. 

( = 
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The angular velocity is just the average angular velocity in the limit of very short time interval.  Depending on units for ( and t, units for ( can be rad/s, deg/s, rev/s, rev/min (rpm), etc.

Angular acceleration – The rate of change of angular speed, an object’s angular speed either increases or decreases as it moves through the arc. The units are radians per second per second (rad/s2). The small Greek letter alpha (() is used for angular acceleration. The formula is:

(avg = 
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Units can be rad/s2, deg/s2, rev/s2, rev/min2, etc.

Comparing Angular and Linear Quantities

The equations are all similar. X is replaced with (, V is replaced with (, and a is replaced with (. Below is a table that compares rotational to linear kinematic equations.

	Rotational motion with constant angular acceleration
	Linear motion with constant acceleration

	(f = (i + ((t
	vf = vi + a(t

	(( = (i(t + 1/2(((t)2
	(x = vi(t + 1/2a((t)2

	(f2 = (i2 + 2(((()
	vf2 = vi2 + 2a((x)

	(( = ½((i + (f) (t
	(x = ½(vi + vf)(t


Note the similarities and the differences between the two sets of equations above.

It is important that the units in the above equations be compatible.  For example, if ( is in rad/s2, then ( should be in rad/s, t in s, and you will get ( in rad.  Also, don’t mix the left and right equations above.  For example, the equation 
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 would not make sense.  Also, don’t confuse ( and a, although they look similar.

Tangential speed – the instantaneous linear speed of a point rotating about an axis at that point

Remember a tangent is a line that touches one point on a circle and the line is perpendicular to a line from that point to the axis. 

Any point on a rotating wheel will have the same angular velocity but they will have different tangential speeds. Why? The amount of radians at different radii from the axel of the wheel will be the same for a given time but the tangential speed will increase proportional with the radius of the wheel.

To calculate tangential speed:

A bicycle wheel rotates though an angle (( and a squashed bug on the rim rotates through an arc length (s for interval (t. What is the tangential speed?

1. Solve for angular displacement.
(( = 
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2. Solve for the tangential speed of the squashed bug. Divide both sides of the equation by the time the bug takes to travel distance (s.
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3. Tangential speed is equal to the distance from the axis time the angular speed

or

vt = r(
Note: ( is instantaneous angular speed. This equation is valid only when ( is measured in radians per unit of time.

Tangential Acceleration – instantaneous linear acceleration is tangent to the circular path 

The bicycle wheel speeds up the squashed bug will have angular acceleration. The linear acceleration related to this angular acceleration is tangent to the circular path. This instantaneous linear acceleration is called the tangential acceleration and is express with the following formula:

tangential acceleration = distance from the axis X angular acceleration

or

at = r(
Centripetal acceleration – the acceleration of an object toward the center of a circular path

Linear acceleration magnitude is express by the formula:


a = 
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Acceleration depends on a change in velocity and or direction. An object moving in a circular path at a constant speed is accelerating because it has a constant change in direction. If you are riding in a car that is moving at a constant speed in a circle, you will feel the acceleration because your body will feel a force pushing you seemingly outward (more on this later) from the center of the circle. The formula for centripetal acceleration magnitude is:

Centripetal acceleration = (tangential speed)2 / distance from axis
or    ac = 
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and since tangential speed is related to the angular speed, another formula for finding centripetal acceleration magnitude is:

Centripetal acceleration = distance from axis X (angular speed)2
     or
     ac = r(2 
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Tangential and centripetal accelerations are perpendicular to each other. Because the object is moving in a circular path, it always has centripetal acceleration due to the constant changing of direction. If the speed is changing, then the object also has tangential acceleration. Because these components are perpendicular to each other, Pythagorean’s theorem can be used to solve for the magnitude of the total acceleration of the system.

atotal = 
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The direction of the total acceleration of the system can be found by using the inverse of the tangent function.

( = tan-1
[image: image16.wmf]t

c

a

a


Causes of Circular Motion






Note that:

1. An object that moves at a constant speed in a circular motion 

has

2. a velocity vector that is continuously changing direction 

has

3. centripetal acceleration directed toward the center of the motion.  

The magnitude for the object is determined by:
ac = 
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If the object is attached to a string and assuming a constant speed, the string exerts a force that counteracts the tendency of the object to maintain a straight-line path. The magnitude of the straight-line force can be calculated by Fc = mac
The force that maintains the circular motion is directed toward the center of the object’s circular path, the force exerted by the string. Two formulas that calculate the force are:

1. Force that maintains circular motion = mass X 
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or
Fc = 
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2. Force that maintain circular motion = mass X distance to axis X (angular speed)2
or
Fc = mr(2
This force (Newton) is not different from any other force. A force is the push or pull on an object that cause a change in velocity and/or direction.

The force that maintains circular motion acts at right angles to the motion. It causes a change in the direction of the velocity. Example: the string attached to the object. 

If the force vanishes, then the object will follow a straight-line path.

Example:

Suppose that the car going around the track in the above example has a mass of 1500 kg.  The net force acting on the car is then 
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The motion of a rotating system

You are a passenger in a car on a left curved ramp traveling at a high speed. You slide right to door. The force of the door keeps you from sliding out of the car. What is the force that pushes you outward? None. You have a tendency to travel in a straight-line path and inertia is that tendency to keep traveling in a straight-line path. Which of Newton’s laws is this?__________ Remember that inertia is not a force.
What is the origin of the centripetal force on the car going around the track?

If the track is flat with no banking, then the centripetal force is entirely due to friction between the tires and the track.  This would require a coefficient of friction given by
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(Note:  This might be considered static friction even though the car is moving if the tires are not sliding.)

To avoid the possibility of the car skidding because of not enough friction, the track can be banked so that the normal force has a radial component.  Then at just the right bank angle no friction is required and 
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which gives for the optimum angle of bank 
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Example:

What is the effective weight of a person when at the top and when at the bottom of a Ferris wheel?

Bottom:



   Top:
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The effective weight is the normal force exerted by the Ferris wheel seat on the person.  At the bottom,
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At the top,
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So, the person ‘weighs’ more at the bottom and less at the top.  The fractional change in his effective weight is 
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Example:

A Ferris wheel has radius r = 8 m and it takes 30 sec to make one revolution.  What is the effective change in the weight of a 160 lb person at the bottom and top of the Ferris wheel?
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Newton’s Law of Universal Gravitation
Why do our plants stay in the sun’s orbit?

Why does the moon stay in orbit around the Earth?

Gravitational force (field force) is the mutual force of attraction between particles of matter. It is a field force that always exists between any two masses, regardless of the medium that separates them. It is this gravitational force keeps the planets from drifting out of orbit. 

The gravitational force is directly proportional to the product of the masses between the objects and the distance between the centers of the masses. The force can be very small (a penny to Earth) or very large (Jupiter to the Sun). This also applies to the gravitational force between the Earth and the moon that will be used as an example.

Newton’s 3rd law of motion applies to gravitational force because the force exerted on Earth by the moon (FmE) is equal in magnitude and in the opposite direction of the force exerted on the moon by Earth (FEm); FEm = FmE.

The equation for Newton’s law of universal gravitation is:

Gravitational force = constant X 
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or
Fg = G
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G is the constant of universal gravitation that has been determined experimentally. It is used to calculate the gravitational forces between any two particles. 

G = 6.673 X 10-11(
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Note that the universal gravitation is an example of an inverse-square law because the force between two masses decreases as the masses move farther apart.

Earth and moon is used as an example. The mass of Earth is 5.98 X 1024 kg and the mass of the moon is 7.35 X 1022 kg. Since the two particles orbit around each other, the distance is the radius and the radius is 3.844 X 105 meters. 

Fg = G
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The weight of a mass, m, on the surface of earth is then
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where RE is the radius of the earth.  Since we can also write W = mg, then
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Example:

Calculate g from the above formula.
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At a distance of 6.38 x 106 m above the surface of the earth, g = 9.8/(2)2 = 2.45 m/s2 and a persons weight would be ¼ that on the surface.

Gravitational potential energy:

From the gravitational force formula, one can obtain (using calculus) a general expression for the potential energy of two attracting masses as
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This expression is more general than the expression PE = mgy, which is valid for values of y that are small compared to earth’s radius.  The above formula assumes that PE = 0 when r = (.  For finite separations the PE is negative.  In applications we only worry about changes in PE, which can be positive or negative.

Example:

What is the ‘escape’ speed of an object from a planet?

By escape speed, we mean the minimum speed to launch an object such that it never returns to the surface of the planet.  This would require that it go an infinite distance from the planet where it eventually comes to rest.  We use conservation of energy.
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For earth, the escape speed is
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(The actual ‘escape’ speed is larger because of atmospheric resistance.)

Kepler’s laws of planetary motion
Kepler’s laws are

1) Planets move in elliptical orbits with the sun at one of the focal points.

2) A line from the sun to a planet sweeps out equal areas in equal times.

3) The square of the orbital period of the planets is proportional to the cube of the average distance from the planet to the sun.

Johannes Kepler deduced these ‘laws’ by carefully studying data on planetary motion obtained by Tycho Brahe.  Isaac Newton was able to explain Kepler’s laws from the laws of motion and the law of universal gravitation.
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Kepler’s 1st law:

An ellipse is an oblong closed curve with two focal points, as shown to the right.  The ellipse can be traced out by following the path such that the sum of the distances from the focal points to any point on the curve is constant.  That is, r1 + r2 = constant.

A circle is a special case of an ellipse where the two focal points are the same.
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Kepler’s 2nd law:

The figure to the right is meant to illustrate Kepler’s 2nd law.  A planet goes in an elliptical path around the sun.  The time to move from A to B is the same as the time to move from C to D.  From A to B the planet moves faster than from C to D so that the area swept out by the line from the planet to the sun is the same for both time intervals.

Kepler’s 2nd law is a direct consequence of conservation of angular momentum and the fact that the force of attraction is directed alone the line connecting the two bodies.

Kepler’s 3rd law:

The 3rd law can most easily be obtained for a circular orbit as follows.
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where Ms = mass of sun, m = mass of planet, T = period of orbit of planet, and r = sun-planet distance.  Solving the above for T 2, we have
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This equation would apply for any object orbiting a fixed body.  For example, for a satellite orbiting the earth, Ms would be replaced by ME, the mass of the earth.

Example:

What would be the period of a satellite in orbit just above the surface of earth?  (Of course, such an orbit could not be sustained because of atmospheric resistance.)
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What is the speed of a satellite in a circular orbit?
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For such a low earth orbit,
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Questions:  How does the period of orbit change as the radius increases?  How does the satellite speed change with increasing radius?  How does the period or orbit depend on the mass of the satellite?

� EMBED Word.Picture.8  ���





� EMBED Word.Picture.8  ���





� EMBED Word.Picture.8  ���





� EMBED Word.Picture.8  ���





� EMBED Word.Picture.8  ���





� EMBED Word.Picture.8  ���








PAGE  
10
www.lodiscience.com

[image: image53.wmf] 

v

 

a

c

 

a

 

a

t

 

[image: image54.wmf] 

F

c

 

mg

 

n

 

[image: image55.wmf] 

mg

 

n

 

q

 

n

 

n cos

q

 

mg

 

n

 sin

q

 

[image: image56.wmf] 

n = W

eff

 

mg

 

a

c

 

[image: image57.wmf] 

n = W

eff

 

mg

 

a

c

 

[image: image58.wmf] 

F

1

 

F

2

 

r

1

 

r

2

 

_1224186380.unknown

_1253040663.unknown

_1253045402.unknown

_1253124727.unknown

_1253126022.unknown

_1253126121.unknown

_1253126217.unknown

_1253125402.unknown

_1253124649.unknown

_1253124694.unknown

_1253124286.unknown

_1253124529.unknown

_1253045817.doc

[image: image1]

vesc







r = (







v = 0







r = RE












_1253109281.doc

[image: image1]

F1







F2







r1







r2












_1253043889.unknown

_1253044750.unknown

_1253045036.unknown

_1253044649.unknown

_1253043115.unknown

_1253043227.unknown

_1253041762.doc

[image: image1]

n = Weff







mg







ac












_1253043091.unknown

_1253041778.doc

[image: image1]

n = Weff







mg







ac












_1253040840.doc

[image: image1]

(







mg







n







n







n cos(







mg







n sin(












_1252997578.unknown

_1253039352.unknown

_1253040565.unknown

_1253039153.doc

[image: image1]

Fc







mg







n












_1253039190.unknown

_1253037705.doc

[image: image1]

v







ac







a







at












_1224241272.unknown

_1224248353.unknown

_1224249089.unknown

_1224251744.unknown

_1224248577.unknown

_1224241399.unknown

_1224186900.unknown

_1223831589.unknown

_1224173509.unknown

_1224185202.unknown

_1223831670.unknown

_1224173403.unknown

_1223831652.unknown

_1223636184.unknown

_1223639507.unknown

_1223831174.unknown

_1223639348.unknown

_1223631882.unknown

_1223631952.unknown

_1223624130.unknown

